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Abstract

This work is devoted to the study of interfaces and semi-classical limits
of conformal blocks in different types of two-dimensional conformal
field theories (CFTs),

Conformal interfaces (or defects) between two CFTs related by an RG
(renormalization group) flow are referred as RG domain wall. They give
an exact relation between the operators in the UV (ultraviolet) and IR
{infrared) CFTs. We explicitly constructed the RG; domain wall between
two minimal N=1 SCFT modecls SM; and SMy: related by the RG flow
initiated by the top component of the Neveu-Schwarz super-field ®us.
This allowed us to calculate the mixing coefficients for several classes of
fields and to match them with the ones obtained through the
perturbative analysis.

Topological defects are the special class of the conformal interfaces for
which the energy-momentum tensor is continuous across the defect. We
analyzed the Lagrangian of the Liouville theory with topological defects
and found tlie general solution of its equations of motion. Using these
solutions, we were able to investigate the heavy and light semi-classical
limits of the defect two-point function found before via the bootstrap
relations.

For the N = 1 super Liouville theory (SLFT) we solved the Cardy-
Lewellen equation for defects. To find the solutions we generalized some
expressions (relating certain elements of the fusion matrix to the
structure constants) valid in rational conformal field theory to the N=1
SLFT.

The AGT correspondence connects the Nekrasov Partition Function in
four dimensional N=2 supersymmetric Yang-Mills (SYM) theory to the
Liouville conformal blocks in two dimensions. It is known that the
Nekrasov Partition Function can be presented as a sum over Young
diagrams. We showed that for certain class of CFT blocks the
corresponding Nekrasov partition functions in the light asymptotic limit
are simplified drastically namely being represented as a sum of a
restricted class of Young diagrams. This allowed as to compute the light
asymptotic limit of An-t Toda conformal blocks.

There is a AGT like duality- between SU(2) N=2 super-symmetric field
theories living on R%Z: space and N=1 SLFT. We showed that again
only a restricted set of Young diagrams contribute to the partition
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function in the Jight asymprortic limit. This cnabled us to sum up the
instanton  series explicitly and find closed expressions for the
corresponding N=1 SLFT four point blocks in the light asymptotic limit.

Timeliness and relevance

Two dimensional conformal ficld theories play an important role in
modern-day theoretical physics. These are two dimensional quantum
field theories that arc invariant under conformal transformations [3].
Conformal symmetry was introduced in quantum field theory nearly
fifty years ago under the influence of ideas of scaling and universality in
theories of the second-order phase transitions [1]. According to the
scaling postulatc at the critical point the interaction of fields
corresponding to the order parameters of the statistical system becomes
scale invariant.

If a theory is endowed with scale invariance. then its energy-
momentum tensor is traceless. This kind of theories are also invariant
with respect to a larger class of coordinate transformations under which
the metric tensor gets multiplied by an arbitrary function. Such
coordinate transformations form the conformal group [3].

The properties of the conformal group in d>2 differ from those of d=2 (d
is the space-time dimension). In the first case the conformal group is
finite and consists of translations, rotations, dilatations, and special
conformal transformations {2}, while in the second case it is infinite-
dimensional and consists of holomorphic and anti-holomorphic
transformations.

The Laurent series coefficients of the stress energy tensor are the
generators of the conformal group. The algebra of these generators
coincides with the central extension of the Witt algebra and is known as
the Virasoro algebra. The value of the central charge is an important
parameter that characterizes the theory and can be considered as the
effective degree of freedom of the system.

There are certain fields in the operator algebra such that all the other
fields can be constructed from these special fields by applying conformal
transformations. The first ones are called primary fields, while the others
descendants or secondary fields.

PP

The correlation functions of the secondary fields can be obtained by

applying special differential operators on the correlation functions of the

corresponding primary fields. This is why all the information about

conformal ficld theory is encoded in the correlation functions of the

primary fields.

An important example of CFT is Liouville field theory [4,5] which isa

bosonic field theory with an exponential interaction. This theory is
endowed with spin two conserved currents that are the holomorphic and

anti-holomorphic components of the stress energy tensor. The Fourier
components of these currents obey the Virasoro algebra. It turns out that
there are more general CFTs which in addition to the spin two currents
include also conserved currents with higher spins [5]. The corresponding
symmetry algebra is called W algebra. Important examples of theories
that have W symmetry proportions are Toda theories. These theories
generalize LFT for the cases of several interacting scalar fields.

As a first step on the way of constructing of a full-fledged quantum
Theory it is always instructive to investigate its semi classical limit.

1n both Liouville and Toda theories one can distinguish three types of
semi classical limits: these are mini-superspace, heavy and light limits.
All three are the large central charge limits and they differ from each
other by the behavior of primary fields under consideration.

The AGT correspondence [6] connects two-dimensional conformal
blocks to the Nekrasov partition function {7-9] of the four-dimensional
N = 2 Supersymmetric gauge theories. It is a powerful tool not only for
deriving correlation functions in two-dimensional CFTs but also for
studying gauge theories by applying CFT methods. The Nekrasov
partition function can be represented as a sum over Young diagrams [7-
9] which according to AGT correspondence can be used to compute
conformal blocks in two dimensional CFTs.

We have considered the U(N) Nekrasov partition function in the light
asymptotic limit i.e. we connected the gauge parameters with the CFT
parameters (the conformal dimensions) in the light limit schematically.
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We proved that in this limit for a specific choice of fields in the
Nekrasov partition function contribut only certain kinds of Young
diagrams. This simplification was so strong that it was possible to write
an explicit formula for the partition function with arbitrary N.  Afier
applying AGT we got the W light conformal blocks for arbitrary N-'s.

Tt was known that there exists a AGT like correspondence also berween
the two-dimensional super-symmetric CFT and a certain four-
dimensional gauge theory.

In [10,11] the Nekrasov U(N) partition function analog on RYZx space
was constructed. Furthermore, a map between the U(2) gauge theory
partition function on R¥%Z:  and the four point Neveu-Schwarz
correlation function in two dimensional N=1 super conformal field
theory (SCFT) [13-17] was suggested in [12]. It was natural that in this
case too we were able to show that in the light asymptotic limit only a
restricted set of Young diagrams contribute (i.e. one row diagrams) to the
partition function so that it was possible to sum up the instanton series
explicitly. Then we performed the analog of the AGT map and got the
light conformal blocks in the Neveu-Schwarz sector. In two dimensional
N =1 SCFTs in addition to the Neveu-Schwarz ficlds one has also the
Ramond fields. In [18] the analogue of the AGT map for the correlators
containing two Ramond and two Neveu-Schwarz fields, as well as for
those of four Ramond fields, was suggested. Again, it was reasonable that
we were able to find exact expressions for these conformal blocks in the
light asymptotic limit. Let me stress that in the Ramond sector not

only one row diagrams contribute but also diagrams like:

A. Zamolodchikov in one of his well-known papers [19] investigated the
RG flow from minimal model My to Mp-1 initiated by the relevant field

¢13. The operators in M; are mixed and renormalized to give operators in

M, 1. He calculated the mixing coefficients {or several classes of local
fields by using leading order perturbation theory valid for the large p.
There exists a similar RG trajectory connecting N=1 super-minimal
models SMp ta SMp: initiated by the NS top component P
Oriented lines separating 1wo different two-dimensional quantum field
theories are called interfaces or defects. Conformal interfaces satisfy the
gluing condition TW —TW =T7@ —T@  An imerface can be
regarded also as a map between observables in two theories. An example
of a conformal interface is the RG domain wall which relates the
operators between UV and IR theories [20]. Gaiotto proposed an
algebraic construction for coset minimal models and also for N=1 coset
super-minimal models. One of the advantage of this RG domain walls is
that it cnables us to derive the mixing coefficients of operators under RG
flow without making use of known perturbation methods.
Topological defects are special type of conformal interfaces for which
TM =T®@ and TW =T®. Topological defects in 2d CFT can be
considered as an operator D which commutes with the generators of
both left and right chiral algebras of the CFT. This condition ensures that
the operator D is invariant under the distortion of the line to which it is
attached. Topological defects in the Liouville field theory play an
important role in the AGT duality with Wilson lines. We studied various
aspects of the topological defects in the Liouville and super-Liouville

field theories.

Aim of the dissertation

¢ the derivation of conformal blocks in the light asymptotic
limit for An-1 Toda theories,

e the derivation of conformal blocks in the light asymptotic
limit for N=1 SLFT,

¢ the study of topological defects in the Liouville and N=1 super
Liouville field theories,
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¢ to construct conformal interface between SMy and SMy» N- |
SCFT models.

Novelty of the work

In this work the following new results were obtained:

1. We found analytic expressions for An: Toda conformal blocks
in the light asymptotic limit, for arbitrary n. applying the AGT
correspondence and using the Nekrasov partition functions.

2. Wefound N - 1 SLFT conformal blocks in the light asymptotic
limit in the NS and R sectors by applying the AGT like duality
and compared the results with the corresponding formulae
found with the direct CFT methods in the NS sector.

3.  Woe established for N = 1 super Liouville field theory Moore-
Sciberg relations between the fusion matrix and the structure
constants.

4. We found topological defects for N = 1 super Liouville field
theory.

5. We studied semi classical properties of the topological defects
in the Liouville theory.

6. We calculated explicitly the mixing coefficients for the several
classes of local fields in the case of the supersymmetric RG flow
by using Gaiotto’s proposal for the RG domain wall between
some coset CFT models.

Practical value

Defects and interfaces play important role for the various problems in
condensed matter, String theory, Ads/CFT and AGT correspondences.
Our findings can find an application in all these topics.

The technique developed in this thesis for calculation of conformal
blocks in semi-classical limit can be used in numerous other problems. In
particular, we can compute semi-classical limit of conformal blocks in

8

the para Liouville and para Toda field theories describing the interaction
with parafermions. These limits occur in testing of the Ads/CFT
correspondence.

Main points to defend

Main points to defend are:

We found that Nekrasov partition functions corresponding to
Aot Toda conformal blocks for the certain choice of fields in
the light asymprotic limit are simplified drastically and given
by the sum over Young diagrams having at most n-1 rows.

We found that to the Nekrasov partition functions
corresponding to N = 1 SLFT conformal blocks in the light
asymptotic limit contribute only Young diagrams having one
raw and one column.

For N = [ super Liouville field theory we have shown that
certain clements of the fusion matrix in the NS sector are
related to the structure constants according to the same rules
which one observes in RCFTs (rational conformal field
theories). For some special cases we showed that certain
elements of the fusion matrix in the R sector are related to the
structure constants according to the same rules which we
observe in the NS sector. Using these relations in the R sector
we were able to solve the Cardy-Lewellen equations for
topological defects.

For the Lagrangian of the Liouville theory with topological
defects we found the general solutions of the corresponding
defect equations of motion. Then we calculated the defect two-

point functions in the light and heavy asymptotic limits.

. We specified Gaiotto's proposal for the RG domain wall

between some coset CFT models to the case of two minimal
N=1 SCFT models SM;, and SMp2 related by the RG flow

9
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initiated by the top component of the Neveu-Schwarz super-
field ®13. We then compared the result Lo the perturbation
theory results available in the Jiterature and found that they are

in perfect agreement.

Length and structure of the dissertation

The dissertation contains an Introduction. 6 chapters and the
bibliography. The first chapter is a review of the necessary CFT tools.
The other chapters describe our findings.

Content of the dissertation

In chapter 1 we review the material necessary to present our findings. In
chapters 2-6 we explain the background of the solved problem and
deliver the findings.

Chapter 1

We define what the d-dimensional conformal transformations are. Then
we concentrate on the case when d=2. We show that the generators of
two-dimensional conformal transformations obey the so called Witt
algebra. We demonstrate that the conformal invariance forces the energy
momentum tensor to be traceless. We consider radial quantization, OPE
of operators. After that we argue that the OPE of the energy momentum
tensor with itself must have a central extension term, which is
equivalent to the statement that in CFT the modes of the energy
momentum tensor obey the Virasoro algebra. We show that conformal
invariance fixes the two- and three-point functions up to constant factor
known as structure constants. We end this chapter by exhibiting that the
Hilberr state is the direct sum over the product of holomorphic and anti-
holomorphic Verma modules.
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Chapter 2
We review Minimal models which are the simplest of all of CFTs. In
these theories the number of primary fields is finite. After that we briefly
explain the basics of coset theories. The next sections are based on the
paper [5] in my publication list. Namely:
e we briefly review the 2d N = 1 super-conformal filed theories;
o we bring the description of the coset construction of N =1
SCFT;
e we formulate Gaiotto's general proposal for a class of coset
CFT models;
¢  we present the new results which we obtained in the paper
{5], where we explicitly calculated the mixing coefficients
for the several classes of local fields in the case of the
supersymmetric RG flow, by using RG domain wall proposal.
Then we compared this with the perturbation theory results

available in the literature and found a complete agreement.

Chapter 3

This chapter we begin by introducing the reader to the so called
Liouville field theory. In this theory the number of primary fields is
infinite, which is to say that the theory is irrational. The next sections of
this chapter contain the materials presented in the papers [4.6] in my
publication list, namely:

e we analyze classical Liouville theory with defects;

e we review the general solution of the Liouville equation;

«  we present general solution of the defect equations of motion;

o we present the Lagrangian of the product of the Liouville
theories on half-plane with the boundary condition specified
by a permutation brane;

e we review defects and permutation branes in quantum
Liouville theory;

e we review the heavy and light asymptotic semi-classical limits,

11
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« we calculated the defect two-point function in the light
asymptotic limit, and showed that it is given by the path
integral over solutions of the defect equations of motion with
vanishing energy-momentum tensor;

e we calculated the defect two-point function in the heavy
asymptotic limit and showed that it is given by the exponential
of the Liouville action with defect evaluated on the solution

with two singular points.

Chapter 4
As we have mentioned already the tree-point function is fixed by
conformal symetry up to a constant factor known as structure constants.
The structure constants are parameters of the theory under
consideration. They can be found by the so called bootstrap procedure.
In this chapter we review the bootstrap procedure, the remaining
sections contain the material from the paper [3] in my publication list:
e we review basic facts on N = 1 super-Liouville theory;
e we compute the elements of an ansatz for the fusion matrices
with one of the intermediate states set to the vacuum;
*  we specialize the formulae obtained in the previous paragraph
to the component of the fusion matrices of the NS sector;
*  we analyze the Ramond sector for a degenerate entry;
e  we apply formulae obtained in the previous paragraph to solve

the Cardy-Lewellen equations for the topological defects.

Chapter 5

We review the basic facts of Toda CFT, which are 2d CFT theories that
besides the spin 2 holomorphic energy momentum current are endowed
with the additional higher spin currents. After that, anticipating the
AGT correspondence we review instantons and so called Nekrasov's
partition functions in four-dimensional N=2 Super Yang-Mills gauge
theory. The later chapters will connect the Nekrasov partition functions
to the Toda conformal blocks by the so called AGT correspondence. The

12

following sections contain the results from the paper [2] in my
publication list. They are organized in the following way:

e we review necessary details on the light asymptotic limit;

e we compute the light asymptotic limit of the Nekrasov
partition functions, and show that choosing the data in a
certain way truncares the Nekrasov functions in the light
asymptotic limit to the sum over Young diagrams containing at
most n — 1 rows;

e we compute the Nekrasov partition function in the light
asymptotic limit. This allows us to obtain the An1 Toda four
point functions in the light limit, where n>1;

e wc compute the conformal block in A2 Toda field theory by
using the fact that in the light asymptotic limit conformal
blocks admit an integral representation. We compare this result
and the formula obtained by the AGT correspondence and

show that they arc the same.

Chapter 6 -
This chapter contains the results obtained in the paper [1] in my
publication list. It is organized as follows:
e the expression for the instanton partition functions of N = 2
SYM on R¥/Zz is reviewed;
»  we bring known facts for N = 1 SLFT and its light asymptotic
limit that will be useful for us;
e  the map between N = 1 super Liouville conformal blocks and
N=2S8YMon R¥Z:is given;
e the rules for the light asymptotic limit are written;
e we present new results on various partition function in the
light limit;
e by using these partition functions, we give the corresponding
conformal blocks in the light limit.



Conclusions

We were able 1o derive the conformal blocks in the light limit for two
generalizations of Liouville theory. Namely for its higher integer spin
generalization As 1 Toda and for the spine 3/2 generalization N=1 super-
Liouville field theory.

We analyzed topological defects for LFT in its light and heavy limits.
We solved the Cardy-Lewellen equations for a topological defect in N=1
SLFT.

We explicitly derived the mixing coefficients of several classes of fields
under the RG flow from the N=1 super minimal model Mp to Mp2

initiated by the relevant NS field ®1a.
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wnhynipintiitphg nuunwftwuppty Eip fupgh-Lnujkkip
wupdwip ntptlntitph hudup:

Qunnunnb Ywbhimgnipulby t RG pmikjh upuinp upng
Ynubwn yS-ubiph huafwp: Utbp ntunultwuppby thp npu
dwutudnp  nkwppe’ uptpduy  N=1 unuykp WS
Unpbubipnud: Auwowntph b pwip nuukph hudwp
pugmhuynnpkl hwyyk) Eip howpbytnt qnpdwlhghbpn:
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JYAJIBHOCTD Y JEPEKTHI
Peasome
Jpymepubie xoudopmusie reopin nonsa (KTT1) 510 ksauroBbie teopun
MO8 KOTOPBIC ULPCACICHBI B ABYMEPHOM lLPOCTPAHCTBC-BPCMCHII U

M BAPHAHTHDI OTHOCHTEALHO KOHCIDOPMHMX npeo6pa303mmﬁ.

KoMiloHeuTs TCH30PA 3HCPrHK-MMNYibCa ABAMIOTCA  [CHEPATOPAMH
KoH(OPMHOH rpymust a ux xoadduumentsr Pypre yAOBICTBOPAIOT
anrebpe Bupacopo. Bawusim mpumepom KTII awnsercs teopus mois
Juysunns {(JITTI), xoropan smasiercs Teopedt GO3OHHOIO MNOJH €
IKCHOHEHUMANbHBIM  B3amMogcicTomem. CyurecTsyloT Gomec  ofuiue
KTII, xoropsi¢ HOMHMO TOKOB CO COMHOM JBa  BKIIOYANOT TAKKe
coxpansiomuecs Toxu ¢ Gosee BricokuMy crnuaMu. COOTBETCTBYOWAS
anrebpa cHMMCTpHM HadbiBaeTca W-anrcOpod. BamHsiMU MPHMCPOM
Teopuit, obnanaoumpx W-CHMMCIPHEH, SBISIOTCH TCOPHH Topa. Dtu
teopun obobuiator JITII st ciiyvas HeCKOILKHX B3aUMOACHCTRYIOUIHX
cKansapHeix nosieit. B teopusx Jluysuwins u Tonst MOXHO BBLAETHTH TPH
TMOA KBAa3MKIACCHYECKUX APEIENOB, 3TO MHHH-Cynepeneiic, TRKCABE W

JIETKHE npeaeisl.
7
QOcHoBHble pe3ynbTaThl, NPEACTABNECHHBIEC B AHCCEPTALHH

s«  Mu nonyquhn ABHLIE AHATUTHYECKWE BbipaxeHHs aas AqToda
KOH(POPMHBIX OIOKOB B JIErKOM aCMMNTOTHYECKOM Npenene, s
NPOH3BOJLHOIO 1.

Mul TakKe HALINKM ABHbIE AHATMTHYECKHE BHIDDKCHHS IS

AByMCpHLIX N = 1 CynepcHMMETPHYHbIX KOH(OPMHBIX 5A0KOB B

JCrKOM aCHMIITOTHYECKOM IMpPEAENE KaK B Hese—lﬂaapuoacxom

rak 1 B PamMo110BCKOM CEKTOpax.
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Ml pOAHATIFHPOBIM arparzHan LET ¢ ronoaorHyecKiMi

jAederTamMu ¢ HAUt obuiee  pemieHHe  COOTBETCTBYHOIMN
JedrerTHbIX ypaBHeHU# JBIOKEHUA. Mpt u3YMILIH THREIBIE H
JerkHe KBaIMKIaCCHUECKHC MPEACitbl ABYXTOMCULOH (yHKiHH
TpH HAHYHH TOROJOTHUECRR nedexros, koTopas OHea Haitiena
panee 13 cooTomeHni OyTeTpana.

Oas N =1 cyncpcummerpwmoﬁ teopur cynep-JIMyBHILA Mbl
NOKa3aM, YTO HCKOTOpHIC 27AEMCHTE MATpHUB! CAMAHHA B
cextope Hese-LlIBapiia cBA3aHb! €O CTPYKTYPHbIMH KOHCTAHTAMMH
o TeM ke [paBuiam, KOTOpbIC Guiid  ycTaHoBJCHBI B
PALHOHATLHOM koH(opMHOH Teopur  MOJHA. Mbi  cobpasu
HEKOTOPBIC CBHACTENLCTBA TOTO, UTO ITH COOTHOLLEHHS AOKHbL
ALNOARATECA TAKKE B PAMOHOBCKOM CEKTOPE. Hcuons3ys vx, Mbl
nony4usiM  yPaBHCHHC Kapau-Jiptosennena A nedexros W
noctponau nedextet B N=1 cynepcuMMETPH4HOH TEOpHH
JiuyBunis .

Mpl  @3yYMIH  MPEIrOsOKEHAC laifioTro O CYWECTBOBAHHH
PEHOPMIPYIINOBOTO KOH(OPMHOTO unrephedica  MEKY
oripeaeneRHbiMH  KOCET CET-MofeniMH i 4acTHOro cityuas
ABYX MHHUMAIbHBIX N = 1 SCFT-mozeneit SMp # SMp-2,
CEAIAHHBIX PEHOPMIPYNMOBLIM  [IOTOKOM, MHAYLHPOBaHHbIM

BEpXHEil KOMNOHEHTOH Hege-11IpapuoBcKOro cyneprons D,
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